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Abstract. Temperature and magnetic field dependences of the 19F nuclear spin-lattice 
relaxation in a single crystal of LiYF4 doped with holmium are described by an approach 
based on a detailed consideration of the magnetic dipole-dipole interactions between nuclei 
and impurity paramagnetic ions and nuclear spin diffusion processes. The observed non-
exponential long time recovery of the nuclear magnetization after saturation at intermediate 
temperatures is in agreement with predictions of the spin-diffusion theory in a case of the 
diffusion limited relaxation. At avoided level crossings in the spectrum of electron-nuclear 
states of Ho3+ ions, rates of nuclear spin-lattice relaxation increase due to quasi-resonant 
energy exchange between nuclei and paramagnetic ions in contrast to the predominant role 
played by electronic cross-relaxation processes in the low-frequency ac-susceptibility.  
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 1 Introduction 
Studies of the highly diluted paramagnet LiYF4:Ho3+ in external dc- and ac-magnetic fields 
are of great interest because the system can be considered a model to understand important 
features of quantum dynamics of the macroscopic magnetization at (avoided) energy level 
crossings in sweeping magnetic fields [1]. Nuclear Magnetic Resonance (NMR) has been 
proven to be an effective probe of the electronic spin dynamics in different paramagnetic 
crystals [2,3] and single molecule magnets (SMM) [4-9], and it can thus be used also in 
LiYF4:Ho3+. Previous measurements have demonstrated that the spin-lattice relaxation rate of 
the 19F nuclear magnetization in this single-ion magnet (SIM) is determined by fluctuations of 
the local magnetic field due to the impurity Ho3+ ions, as evidenced by the fact that the 
measured relaxation rates for the LiY0.998Ho0.002F4 sample are about three orders of magnitude 
larger than for pure LiYF4 [10]. The spin dynamics at the anti-crossings of the hyperfine 
sublevels of the ground electronic doublet of Ho3+ ions produce striking effects at low 
temperatures, comparable to those observed in SMM. Large peaks (dips) were observed in the 
magnetic field dependence of the ac-susceptibility [11] and the fluorine nuclear relaxation rate 
[10] at temperatures in the range 1.7-4 K. The ac-susceptibility results were subsequently 
described by a microscopic theory [12], while the NMR measurements were analyzed using a 
phenomenological model [4,5].  
It is highly desirable to go beyond the phenomenological model presented in Ref. 10 
and carry out microscopic calculations describing the 19F spin-lattice relaxation 
measurements, as was done for the ac-susceptibility in Ref. 14. This requires one to take into 
account the spin-diffusion processes induced by cross-relaxation between the nuclei, which 
transport the spin temperature across the sample from the nuclei which are relaxed directly by 
the low concentration of paramagnetic ions [13-19]. As a result, both non-exponential and 
exponential  time  evolution of the nuclear magnetization  may  be  observed in  different time  
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 domains, depending on the specific parameters of the system under consideration.   
In the present work, microscopic calculations of the 19F nuclear relaxation are carried 
out by (a) making use of the earlier developed theory of, and calculations for, electronic 
relaxation in holmium-doped LiYF4 [12] and (b) by taking into account the consequences of 
the spin-diffusion theory [18,19]. The experimental data obtained earlier [10] are reanalyzed, 
and additional measurements have been performed to observe the predicted variation of the 
fluorine spin-lattice relaxation time at the anti-crossings of electron-nuclear sublevels of Ho3+ 
ions with the magnetic field component transverse to the symmetry axis of a crystal. Analysis 
of the relaxation rates for magnetic fields far from and in between the crossing points allowed 
us to determine the parameters of nuclear spin-diffusion processes. The previously obtained 
parameters of Ho3+ cross-relaxation (CR) processes [12] have been corrected to describe the 
behavior of fluorine nuclear relaxation as well as of holmium spin dynamics at the anti-
crossings. In all cases we find our calculations in good agreement with experiments, where 
the only fitting parameters are associated with 19F spin diffusion and holmium CR rates.  
This investigation of electronic spin dynamics in the highly diluted paramagnet 
LiYF4:Ho3+ should be useful for understanding peculiarities not only of the nuclear relaxation 
rates at avoided level crossings, but also of the measured frequency and temperature 
dependences of the ac-susceptibility in diluted ferromagnets LiHocY1-cF4, for which the 
anomalous frequency dependences at intermediate and low temperatures remain an open 
question [20,21].  
The paper is arranged as follows. In Section 2 we present general expressions for 
nuclear relaxation rates in highly diluted paramagnetic crystals. Experimental data and 
general tests of the model are described in Section 3, while Section 4 contains the detailed 
results of simulations of magnetic field and temperature dependences of 19F nuclear 
relaxation, which are further compared with the measured data. In Section 5 we conclude and  
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 summarize the main results.   
 
2 Theoretical background 
We present here a brief derivation of the expression for the nuclear spin-lattice 
relaxation rate which is used below in the analysis of the experimental data. In an insulating 
crystal containing paramagnetic ions, the spin-lattice relaxation time T1 for the host lattice 
nuclei with spin I =1/2 is determined by transition probabilities between the nuclear states |+> 
and |-> (the eigenfunctions of the nuclear spin projection on the local magnetic field Bloc at a 
nucleus) induced by fluctuations of the local field.  
The transition probability is determined through the spectral densities of correlation 
functions for fluctuations of the transverse components of the local magnetic field [2]:  
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where γ is the nuclear gyromagnetic ratio, ω = γBloc is the local Larmor frequency, the z’ axis 
of the local frame is parallel to Bloc, and JAB (ω) is the spectral density of the correlation 
function <A(t)B(0)>. Angular brackets denote an average taken with the equilibrium density 
matrix ρ of a single paramagnetic ion. The local magnetic field at the host nucleus equals the 
sum of the external dc magnetic field B and the dipole fields from impurity paramagnetic ions 
with magnetic moments m (m = -gJμBJ for rare earth ions, gJ is the Landé-factor of the 
ground multiplet, μB is the Bohr magneton, and J is the angular momentum). We adopt the 
usual assumption that the sample is divided up into “regions of influence” where only one of 
paramagnetic ions is important in determining the nuclear relaxation. The region of influence 
is assumed to be a sphere centered on a paramagnetic ion, and of radius R equal to the average 
separation of paramagnetic ions (R = (4πN/3)-1/3, where N is the number of paramagnetic ions 
per unit volume). Because only nuclei at large enough distances r > r0 from the paramagnetic 
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 ion contribute to the NMR signals, spin-transfer effects are neglected (within the region of 
critical radius r0 nuclei have Larmor frequencies which are shifted outside the resonance line 
at the frequency ω0 = γB).   
Fluctuations of the local magnetic field can be easily written through the fluctuations 
of the magnetic moment Δm = m - <m> of a paramagnetic ion. We obtain from Eq. (1)  
6)/2( rT,,r/Cw Br= ,                                                          (2) 
where 
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and , /rm rΔ = Δ ⋅m r /B locm BlocΔ = Δ ⋅m B , and /rB loc loce rB= ⋅r B . The spectral densities of 
the single-ion correlation functions for the electronic magnetic moment can be expressed 
through the dynamic susceptibility χ(ω) of a paramagnetic ion at the temperature T, using the 
fluctuation-dissipation theorem (kB is the Boltzmann constant): 
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The dynamic susceptibility has the form [12,22] 
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where χ0αβ is the static susceptibility, ρkk, mkn and Δmkk are matrix elements of the equilibrium 
density matrix, the magnetic moment and its fluctuation, respectively, in the basis of 
eigenvectors of the single ion Hamiltonian with the eigenvalues Ek, nkγ2 is the homogeneous 
width of the transition n ↔ k at the frequency ωnk = (En-Ek)/ћ, and W is the relaxation matrix. 
A non-diagonal element Wnk of the relaxation matrix is the probability of the transition k→ n 
which may be induced by the electron-phonon interaction and different interactions (magnetic 
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 dipole-dipole, in particular) between paramagnetic ions, ∑−=
k
knnn WW . The explicit 
expressions for the transition probabilities were presented in Ref. 14 where the 
renormalization of the electron-phonon coupling due to the phonon bottleneck effect and 
contributions due to energy exchange between paramagnetic ions were accounted for. In 
particular, the two-ion CR processes are described by the transition probabilities 
∑ −+=
lp
nn
CR
lmpnpp
CR
lpnmpp
CR
lmnp
CR
nm WWWW )( ,,, ρρρ     ( mn ≠ ),                         (6) 
where is the probability for the simultaneous transitions m→ l of one paramagnetic ion, 
and p→ n of another ion.      
CR
lmnpW ,
Using Eq. (4), we obtain the corresponding spectral density of fluctuations of the 
magnetic moment of a paramagnetic ion 
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In order to connect our microscopic approach to models currently used to describe 
nuclear relaxation in SMM, we note that the first term in Eq. (7) corresponds to the quasi-
elastic relaxation contribution, while the second term is caused by direct energy exchange 
between paramagnetic ions and host nuclei, and corresponds to the inelastic relaxation 
included in the phenomenological model described in Refs. 4,5. This may be the dominant 
contribution to relaxation near anti-crossings at low temperatures.  
Having obtained a microscopic expression for the spectral fluctuation density, which 
can be calculated using known parameters for the titled system [12], we now consider the 
effect of spin diffusion on the 19F nuclear magnetization recovery curve. Since in the presence 
of spin diffusion the relaxation recovery curves are typically non-exponential, it is not 
possible in general to define a T1 parameter. Even when the recovery is exponential, the 
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 measured T1 is a complicated function of transition probabilities induced by the direct 
interaction of a given nucleus with the paramagnetic ion at the distance r (see Eq. (2)) and of a 
propagation (diffusion) rate of non-equilibrium spin polarization within the ensemble of 
nuclei. An explicit form of this function depends on the spin-diffusion rate and on the 
concentration and electronic relaxation rates of impurity ions.  
After the macroscopic nuclear magnetization M is saturated, it recovers towards 
equilibrium (M0 is the equilibrium magnetization) due to processes of direct relaxation: 
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Here the sums are taken over nuclei at the distances Rrr ≤≤0  from the paramagnetic ion. 
Results of direct calculations of these sums (in particular, in the titled SIM) for large enough t 
(see below) are well approximated by the expression  
6 1/ 2
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where  (CAv does not depend on R when R is much larger 
than the lattice constants), and . This form of the evolution of the non-
equilibrium nuclear magnetization shows that it is possible to introduce the isotropic direct 
spin-lattice relaxation time   
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 that brings about the same functional time dependence of the nuclear magnetization in the 
framework of the continuum approximation [23]. The stretched-exponential recovery of 
nuclear magnetization has been observed in many systems (in particular, in NH4HSO4:Cr3+ 
[14] and CaF2:Eu3+ [24]). However, the t1/2-region in the magnetization recovery may be 
absent in the case of rapid spin diffusion when a magnetization flux reaches distant nuclei 
before they contribute to the bulk relaxation due to the direct interaction with the impurity 
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 paramagnetic ion. In any case at long times the functional form of the time-dependent 
magnetization is determined by the spin-diffusion. 
 In the continuum approximation, and neglecting the anisotropy of the diffusion tensor, 
the nuclear magnetization density M(r,t) satisfies the equation [13,18] 
1 | | 0
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where the sum is taken over all paramagnetic ions, and the position dependent diffusion is 
described by D(r<δ)=0 and D(r>δ)=D, with D being the spin-diffusion constant. The radius 
δ of the diffusion barrier (assumed isotropic) equals the distance from the paramagnetic ion 
for which the difference between magnetic fields produced by the ion at neighboring nuclei is 
approximately equal to the local nuclear dipolar field, and is proportional to <m>1/4 [15]. For a 
small concentration of paramagnetic ions, the asymptotic time dependence of the bulk nuclear 
magnetization 1( ) ( , )M t M t
V
= ∫ r dr  (V is the sample volume) takes the form [18,19] 
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τD = R2/D is the diffusion time necessary for the magnetization flux to propagate at distance R 
from a paramagnetic ion, and λ is the characteristic distance from the paramagnetic ion for 
which spin-diffusion begins to dominate over direct relaxation.  The value of λ  (see Ref. 
[16]) 
3/ 4
1/ 4 5 / 4
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where Ip(x) is a Bessel function of imaginary argument and 1/ 2 2Av( / ) (1/ 2x C D )δ= , depends 
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 on the relative values of the diffusion radius b =
2
4
5 ])([24 Γ
π (CAv/D)1/4  and the diffusion 
barrier δ (Γ(x) is the Euler Gamma-function) [14-18]. In the extreme case of diffusion limited 
relaxation, b>>δ, λ = b, and 1/T1~CAv1/4. In the opposite case of rapid spin-diffusion, b<<δ, λ 
= CAv/3Dδ 3 and 1/T1∼CAv..   
As discussed in Ref. 18, Eqs. (12) and (13) are valid if Nλ3 << 1, and the term (t/Ts)1/2  
~  (t/T1)1/2(Nλ3 )1/2 may be neglected. However, as the concentration of paramagnetic ions 
becomes larger, we enter the diffusion-limited regime, and this term may have a significant 
effect on the observed nuclear magnetization at times t ~ T1. In any case, with the increasing 
time, the kinetics of the magnetization recovery becomes slower than simple exponential time 
dependence [19]. 
 
3 Experimental 
In this section we describe experimental results, and test some general predictions 
based on our calculations for the spectral densities of fluctuations of the Ho3+ magnetic 
moment and on the inclusion of spin diffusion effects to determine the nuclear relaxation rate. 
Detailed simulation results will be discussed in the next section. 
First of all, we remind briefly the spectral properties of impurity Ho3+ ions in LiYF4 
(the crystal lattice has the C4h6 space group, the lattice constants are given in Ref. [25]) which 
substitute for Y3+ ions in sites with S4 symmetry. There is only one holmium isotope, 165Ho, 
with nuclear spin I = 7/2. The free ion ground state, the 5I8 multiplet, is split by the tetragonal 
crystal field into 13 sublevels with a Γ34 doublet ground state and the first excited Γ2 singlet at 
6.85 cm-1 higher energy  (here Γ is the corresponding irreducible representation of the S4 point 
symmetry group) [26,27]. The electronic and nuclear states are mixed mainly by the magnetic 
hyperfine interaction Hhf=A  (A = 0.795 GHz [26]). The calculated hyperfine structure of ⋅J I
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 the ground electronic doublet (the corresponding g-factors equal g||=13.3, =0 [26]) in the 
external magnetic field B(sinθ cosϕ, sinθ sinϕ, cosθ)  with the orientation defined by angles θ 
= 27.50 and ϕ = 450 relative to the crystallographic axes (z||c, x||a) is shown in Fig. 1. The 
spectrum, which is nearly independent of the angle ϕ, consists of two almost equidistant 
groups of electron-nuclear sublevels with positive and negative slopes. The sublevels with 
different slopes cross at magnetic fields B ≅ |m’+m|ΔB/cosθ, where m and m’ are the quantum 
numbers for the z-components of the nuclear spin for the crossing levels, and, to first 
approximation in the hyperfine constant A, ΔB=A/2gJμB. There are odd and even crossing 
points corresponding to magnetic fields B = (2n+1)ΔB/cosθ (for |m’-m| = Δm = 2k) and B = 
2nΔB/cosθ (for |m’-m| = Δm = 2k+1), (k, n = 0, 1, 2, 3), respectively. The magnetic transverse 
hyperfine interaction opens gaps at the odd crossing points with the maximum value of 0.35 
GHz for Δm = 2 (see Fig. 1) due to mixing of the ground doublet with the excited singlets. 
Additional gaps of comparable magnitude at the odd crossing points for Δm = 0 are induced 
by random crystal fields [26].  Within the context of the model presented here, gaps at the 
even crossings can only be induced by a transverse external field component Bsinθ; for θ ~ 
300 the largest gaps created by the transverse field component occur at the Δm = 1 crossings 
and are comparable to the gaps at the odd anti-crossings (see Fig. 1).     
g⊥
Measurements of fluorine NMR spectra and of the nuclear magnetization recovery 
following a saturating sequence of π/2 pulses were performed on a single crystal with 
holmium concentration of 0.127 at. wt. %, corresponding to a Ho3+ number density of N = 
1.8⋅10-2 nm-3, or about 3100 fluorine nuclei for each impurity ion. The concentration was 
determined from a comparison of the static magnetic susceptibility, measured with a SQUID 
magnetometer at temperature T = 2 K, with the calculated susceptibility of the single Ho3+ 
ion. 
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 The magnetic field dependence of the relaxation rate was studied at temperatures 1.7 – 
4.2 K in the range of magnetic fields from 0.1 to 0.2 T for different angles between the field 
and the c-axis (the data for θ ~ 300 were presented earlier in Ref. [10]). This magnetic field 
range includes four groups of anti-crossing points (N4-N7, see Fig. 1). The recovery of the 
nuclear magnetization at low temperatures is nearly exponential and can be described by a 
single parameter 1/T1 (that is, in the rapid diffusion limit). The measured field dependence of 
1/T1 contains a background that decreases weakly with the increasing field, and exhibits peaks 
in the vicinity of the crossing points. These peaks are quite sharp (full width at half height of 
approximately 2 mT) at the lowest temperature of 1.7 K (see Fig. 2), but lose intensity relative 
to the background at higher temperatures and disappear for T > 4 K.  Enhancement of the 
nuclear relaxation rate at the anti-crossing points may be caused by: (1) large changes of the 
relaxation matrix W due to the cross-relaxation or the mixing of wave functions of the 
crossing energy levels, and (2) quasi-resonant energy exchange between the paramagnetic 
ions and the host nuclei.  When a difference between the transition frequency ωnk and the 
nuclear Larmor frequency ω becomes comparable to the transition width γnk (see Eq. (7)), the 
efficiency of the latter mechanism is determined by the matrix elements of the electronic 
magnetic moment connecting crossing electron-nuclear states, and also depends on the mixing 
of wave functions of these energy levels with positive and negative slopes. According to 
calculations, it is this latter mechanism which dominates the response at anti-crossings (see 
Fig. 2). 
For large enough angle θ (in particular, for θ = 27.50, see Figs. 1 and 2), the largest 
gaps at all the anti-crossings N4-N7 have comparable values (these values characterize the 
degree of mixing of the corresponding wave functions), and so the corresponding peaks in the 
nuclear relaxation have comparable heights. However, the extreme peak N7 has lower 
intensity, and requires a special discussion presented in Section 4. With decreasing angle θ, 
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 calculations predict that the gaps at the odd anti-crossings remain almost unchanged, while 
the gaps at the even anti-crossings go to zero. Therefore, for θ = 0, the even numbered peaks 
in 1/T1 should essentially disappear because the direct energy exchange between the Ho3+ ions 
and fluorine nuclei becomes ineffective (the dominant role of the energy exchange is clearly 
evident when comparing the curves (1,2) with the curve (3) in Fig. 2). A similar result was 
predicted from single-ion calculations for the ac-susceptibility [12]. However measurements 
of the ac-susceptibility on dilute samples (with holmium concentration x = 0.001) in fact did 
show sharp changes at the even numbered crossings for θ = 0, as well as small structures mid-
way between the single-ion level crossings [11]. These discrepancies were successfully 
accounted for by including two-ion energy exchange (CR) processes in the microscopic 
model [12].  
In order to experimentally determine the effect of the gap on the nuclear relaxation 
peaks and whether CR is also important in nuclear relaxation processes, we studied in the 
present work the angular variation of the peak heights in 1/T1 at different anti-crossings. 
Measurements of T1 were carried out at T = 1.7 K for angles θ = 27.50, 200, 160, 110 and 20, 
where the angles between the magnetic field and the c-axis were determined by a comparison 
of the measured and calculated magnetic field values corresponding to peaks in the relaxation 
rates; the observed critical fields are larger than the calculated fields by a factor 1/cosθ.  The 
observed shapes and heights of the peaks at the anti-crossing points do not change down to an 
angle θ =160, and then the intensities of peaks N6 and N7 begin to diminish (see Fig. 3) while 
the peak N5 remains unchanged except for a slight increase in the width. The observed 
minimum in the angular dependence of the peak N6 unambiguously demonstrates that the CR 
processes are less important for the nuclear spin-lattice relaxation than for ac-susceptibility. 
However, the residual peak observed at N6 for small angles results from CR processes. 
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  We now apply the general considerations of spin diffusion effects as discussed in 
Section 2 to previously obtained data for the temperature-dependent nuclear magnetization 
recovery at fixed magnetic fields [10]. These measurements were carried out in the range of 
temperatures from 4 to 50 K and in magnetic fields B = 0.1335 (in between the anti-crossing 
points), 0.332 and 0.751 T (outside the region of crossings) with magnetic fields oriented at 
27.50 relative to the c-axis. Several plots of the time evolution of the nuclear magnetization 
recovery are shown in Fig. 4, and one immediately notices that the recovery cannot be 
approximated by a single exponential function of time. At very short times there is no 
gradient of the magnetization density, and direct relaxation results in the stretched exponential 
time dependence (see Eq. (9)). Then for t > b2/D spin-diffusion changes the character of the 
time evolution, which can be approximated by a product of exponential and stretched 
exponential functions as given in Eq. (12). We emphasize that the decay curves in the range 5 
– 20 K do not follow simple exponential behavior even at long times, a result which has been 
predicted in dilute paramagnetic systems [18] but, to our knowledge, never observed. 
However, due to the fairly large measurement error for small values of the magnetization, it is 
difficult to obtain unique values for the parameters T1 and Ts from these individual plots. We 
have therefore introduced the additional constraint 1/Ts = K(1/T1)4 where the value of the 
parameter K is assumed to be independent of temperature and magnetic field strength, as 
given in Eq. (13). 
   The relaxation rates 1/T1 and 1/Ts obtained from the fitting of the measured recovery 
plots by Eq. (12) with the parameter K = 100 (msec)3 are presented in Fig. 5. The relaxation 
rates have maximum values at temperatures TMax which shift to higher temperatures with the 
increasing magnetic field. The values of kBTMax are close to the energy of the first excited 
singlet in the spectrum of Ho3+ ions, suggesting that these maxima result from an 
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 exponentially increasing relaxation rate via the first excited singlet. The simulations presented 
in the next section confirm this interpretation.  
 
4 Simulations of the 19F relaxation rates  
The nuclear relaxation rates were simulated using the explicit form (Eq. (7)) of the spectral 
densities of the correlation functions for the magnetic moment of the Ho3+ ion. We worked 
with the single-ion Hamiltonian operating in the space of the 136 electron – nuclear states of 
the ground multiplet 5I8 and containing the crystal field, Zeeman and magnetic hyperfine 
interactions.  The elements of the relaxation matrix W for impurity Ho3+ ions in the LiYF4 
crystal have already been calculated in the study of the ac-susceptibility [12]. The 
probabilities of one-phonon transitions between the 64 electron-nuclear sublevels of lower 
crystal field energy levels of the Ho3+ ion with excitation energies below 300 K were 
computed at fixed temperatures and external magnetic fields using wave functions obtained 
from numerical diagonalization of the single-ion Hamiltonian and electron-phonon coupling 
constants presented in Ref. 12. The effects due to low-symmetry random crystal fields were 
accounted for by introducing the operator  (where  and  
are the Stevens operators and α = - 1/450 is the corresponding reduced matrix element for the 
5I8 multiplet) with parameters =0.4525, = -0.4752 cm-1, which have been already used 
earlier [26] to describe the anti-crossings with Δm = 0 observed in the EPR spectra of a 
LiYF4:Ho3+ (0.1%) crystal.  
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Calculations of relaxation rates of individual fluorine nuclei from Eq. (3) show that the 
maximal values of  for different distances r from the Ho3+ ion are described 
by the function 
6( / , , ) /С r T rr B
),,(Max TBC θ  that depends only on temperature, magnetic field strength and 
the angle between the magnetic field and the c-axis. The functions CAv(B,T) and CMax(B,θ,T) 
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 are related via CAv(B,T) = kCMax(B,θ,T),  where the coefficient k = 0.438 is found to be 
independent of the magnetic field and temperature. Relaxation rates of fluorine nuclei with 
the Larmor frequencies outside the range γB±2πΔν, where Δν= 20 kHz is the NMR line half 
width [10], have not been taken into account. The simulated temperature dependences of CAv 
in the magnetic fields used in this study are presented in the insert in Fig. 5. The temperature 
dependences of CAv and 1/Ts are proportional to each other, as expected from the definition 
Eq. (13) of the rate 1/Ts for the case of the diffusion limited relaxation, although the 
coefficient of proportionality in fact depends on the magnetic field strength. The positions of 
the maxima TMax in the calculated and measured temperature dependences of the relaxation 
rates are found to coincide. It should be stressed that the direct relaxation rates at TMax are two 
orders of magnitude larger than those at low temperatures (T = 1.7 – 2 K). 
At low temperatures (in particular, at T =1.7 K) and magnetic fields (B ~ 0.1-0.2 T), 
when the spin diffusion processes dominate, the value of the radius δ of the diffusion barrier, 
estimated from the relation 
3
Av
1 )(
1
Rδ
C
T
=  by making use of the measured relaxation rates and 
the calculated function CAv(B,T), is close to 0.9 nm; the average radius R of the spherical 
volume per paramagnetic ion as determined from the measured concentration of impurity ions 
equals 2.4 nm. The relaxation rate 1/T1 is proportional to CAv only in a case of rapid spin-
diffusion (if δ >> b). Estimates of the diffusion constant D (see below), show that in this 
range of temperatures and fields the diffusion radius b ~ 0.5-0.6 nm, which is in fact less than 
δ but has a comparable value. Therefore, in order to extract the experimental time evolution of 
the nuclear magnetization from the computed direct relaxation rates, we used the analytical 
expression Eq. (14) for the diffusion length λ, with δ and D as fitting parameters.            
 The simulated field dependence of the relaxation rate 1/T1 in the region of anti-
crossings at T =1.7 K is presented in Fig. 2. The monotonic decrease of the background 
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 relaxation rate with increasing magnetic field is well described by simulations if we choose 
the (field independent) radius δ = 0.86 nm and D = 400 nm2/sec. This value for the diffusion 
constant is reasonable when compared, for example, to the directly measured spin-diffusion 
coefficients in cubic CaF2 crystal 530±30 nm2/sec and 710±50 nm2/sec along [111] and [001] 
directions, respectively [28], and to the recently measured diffusion constant D = 620±70 
nm2/sec in the same crystal by making use of magnetic resonance force microscopy [29]. 
Redfield and Yu derived the following expression for the averaged diffusion constant 
appropriate for the problem under consideration in the present work [30]:  
1/ 2
2 4 2 2 6(1 3cos )
60 jk jk jkj j
D r rπ γ θ
−
−⎛ ⎞⎛ ⎞= < −⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠∑ ∑=
− > .                         (15) 
Here rjk is the vector connecting two nuclei, and θjk is the angle between rjk and the dc 
magnetic field. From calculations of the corresponding sums for the LiYF4 crystal lattice, we 
obtained the value of the diffusion constant D = 422 nm2/sec that matches almost exactly our 
empirical result (the more recent theoretical model [31] brings about the similar result). We 
note also that the predicted small anisotropy of the diffusion tensor [30] should not 
significantly affect results of calculations of the nuclear relaxation rates. 
In Ref. 12 it was found that the calculations must include the phonon bottleneck effect 
in order to describe the ac-susceptibility data at low temperatures (T ≤ 4 K), as it determines 
the ratio of peak intensities at the anti-crossings to the intensity of the background. Following 
those results we have used phonon lifetimes ~1 μs and ~0.1 μs for resonant phonons with 
frequencies corresponding to transitions between the electron-nuclear sublevels of the ground 
doublet, and between the first excited singlet and the ground doublet of a Ho3+ ion, 
respectively [12].   
As it is seen in Fig. 3, where the field dependences of the real and imaginary parts of 
the low-frequency ac-susceptibility measured with the laser-polarimetric technique [32] are 
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 compared with the field dependences of the nuclear relaxation rate, the peaks in 1/T1 at the 
anti-crossing points correlate with changes of electronic relaxation rates of Ho3+ ions (see also 
[11,12]). The strong enhancement of the calculated nuclear relaxation rate at the anti-crossing 
points is caused by cross-relaxation processes in the subsystem of impurity paramagnetic ions 
and direct energy exchange processes, as given by the last (inelastic) term in the spectral 
density Eq. (7), where we have used the same value of the homogeneous width γnk = 
2π⋅1.4⋅108 sec-1 for all transitions. This value agrees with the measured line widths in the 
submillimeter EPR spectra of the LiYF4:Ho3+ (0.1%) crystal [26]. As can be seen in Fig. 2, 
the calculated height and width of the peak at the highest field anti-crossing N7 are very 
sensitive to the choice of parameters characterizing the random crystal field. Random crystal 
fields also produce broadening of the peak N5, as the Δm = 0 and Δm = 2 anti-crossings are 
slightly shifted in field relative to each other (see Fig. 1).  
From low temperature measurements of the nuclear relaxation at the anti-crossing 
points, we obtained additional information that allowed us to revise values of parameters used 
earlier in Ref. 12 in the definition of the CR rates. The transition probabilities in Eq. (6) were 
presented in the following form 
2 2 2
, 11 11 , , , ,
12 12 , , , , , , , ,
13 13 , , , , , , , , , , ,
{ ( ) ( | | | | )
( ) ( )
( ) [ ( ) ( )
CR CR
np lm pn lm x np x lm y np y lm
CR
pn lm x np x lm y pn y ml y np y lm x pn x ml
CR
pn lm z np z lm x pn x ml y pn y ml x np x lm y np y lm z pn
W d g k J J J J
g k J J J J J J J J
g k J J J J J J J J J J J
ω ω
ω ω
ω ω
= − + +
− + +
− + + + ,
2 2
33 33 , , 66 66 , , , ,
2 2
44 44 , , , , , , , ,
2 2 2 2
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]
( ) | | ( ) | |             
( ) (| |  | | )}
( ) (| | |
z ml
CR CR
pn lm z np z lm pn lm x np y lm y np x lm
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pn lm x np z lm z np x lm y np z lm z np y lm
CR
pn lm np lm n
J
g k J J g k J J J J
g k J J J J J J J J
g O Oε
ω ω ω ω
ω ω
ω ω ε
+
− + − + +
− + + + +
− + Ω2 2 22, | ),p lmΩ
     
(16) 
where are the cross-relaxation line shapes (Gaussians with a dispersion of 100-200 
MHz as in Ref. 12). Note that we have included an additional contribution (the last term in 
Eq. (16)) corresponding to the phonon exchange between the Ho3+ ions. Values of parameters 
)(ωCRg
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 d = 0.773 and ε = 0.0154 in units of 108 sec-1, k11 =  0.798, k12 = -0.675, k13 = -0.00385, k33 = 
0.0079, k44 = 0.13, k66 = 0.586 were obtained from the simultaneous fitting of field 
dependences of the ac-susceptibility and the fluorine nuclear relaxation rates.     
 The theory predicts important changes of the peaks in the 19F spin lattice relaxation 
rate at the even anti-crossings with the diminishing transverse component of the external 
magnetic field. When the direction of the field approaches the c-axis, shapes and intensities of 
all the peaks at the anti-crossings in the calculated field dependences of the relaxation rate 
1/T1 remain almost unchanged until the value of the angle θ  is approximately 11 degrees, 
below which the intensities of the peaks at even anti-crossings begin to diminish. In Fig. 3 the 
calculated inelastic and cross-relaxation contributions to the nuclear relaxation rates are 
compared with the experimental data for three values of the angle θ. The specific behavior of 
the peak N6 in the calculated field dependences correlates qualitatively with the results of 
measurements. Some differences may be caused either by a slight misorientation, or random 
deformations of the crystal lattice. Finally, we note that according to measurements, the 
intensity of the peak N7 also diminishes slightly with the decreasing angle θ. This effect can 
be related to high sensitivity of this peak to the homogeneous widths of transitions between 
the electron-nuclear sublevels of the ground doublet of the Ho3+ ions, which may change with 
transverse magnetic field component; this effect would not be evident in our calculations, as 
we have assumed that the homogeneous width is the same for all transitions.  
The temperature dependences of 1/T1 at different magnetic fields were computed by 
making use of Eq. (14) for the diffusion length λ(B,T). Results of calculations are compared 
with the experimental data in Fig. 5. The diffusion barrier δ is expected to increase with the 
magnetic field strength and to decrease with temperature. To account for these variations, we 
introduce the average absolute value <m> of the effective magnetic moment of Ho3+ ions in 
order to determine δ(B,T) via 
18 
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where the sum is taken over all fluorine nuclei inside the influence sphere of radius R with 
Larmor frequencies ω(r,B,T). Starting from the value of δ =0.86 nm used above in the 
simulation of the relaxation rate in the magnetic field 0.1335 T at T = 1.7 K, we obtained δ 
=1.01 nm and 1.06 nm in the fields 0.332 T and 0.751 T, respectively, at the same 
temperature (all values refer to magnetic fields declined from the c-axis by 27.50). At higher 
temperatures, values of δ  were calculated according to Eq. (17).  
  It is seen in Fig. 5 that the simulated relaxation rates 1/T1 yield adequate fits to the 
experimental data. However, the rates 1/Ts of the stretched exponential relaxation calculated 
according to Eq. (13), while qualitatively describing the data, are larger than the measured 
rates by nearly a factor of four. This discrepancy shows that a more elaborate model of spin 
diffusion is required for a precise description of the data. Nonetheless, the theory presented in 
Section 2 gives a semi-quantitative description of the nuclear relaxation. Moreover, it predicts 
the occurrence of a stretched-exponential recovery of the 19F nuclear magnetization in the 
system LiYF4:Ho3+ with the holmium concentration of about 0.1 % which has indeed been 
observed experimentally.    
 
5 Conclusion 
We described satisfactorily the measured temperature and magnetic field dependences of the 
19F nuclear relaxation rates in LiYF4:Ho3+ crystals using the microscopic model of electron-
phonon interaction with previously determined physical parameters and only introducing 
fitting parameters to characterize the electronic CR and nuclear spin diffusion processes. The 
self-consistent interpretation of field dependences of the low frequency ac-susceptibility and 
the 19F nuclear relaxation rate at liquid helium temperatures is achieved by making use of the 
single set of parameters that determine the transition probabilities induced by magnetic 
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 interactions and phonon exchange between paramagnetic ions. Our detailed analysis of the 
nuclear magnetization time-evolution after saturation in the diluted paramagnet has shown 
that accounting for the stretched exponential time dependence is necessary not only for 
understanding the short-time recovery, but also to describe long time behavior of the nuclear  
magnetization. Reasonable agreement is achieved considering the possible sources of errors in 
the approximations that have been made in the theory of spin diffusion [18,19].  
By taking advantage of the simplicity of the system where the main physical 
parameters can be determined independently with various techniques, we have developed a 
theoretical description of the 19F nuclear spin-lattice relaxation which fits the experimental 
results quite well. The nuclear relaxation rates increase remarkably in the vicinity of the anti-
crossings, and our study proves that this is mainly due to direct energy exchange between 
nuclei and paramagnetic ions. Measurements of the relaxation rates in the region of anti-
crossings provide information about random crystal fields and homogeneous broadening of 
energy levels of impurity ions.  
To describe with greater precision the cross-relaxation in the subsystem of 
paramagnetic ions and its effect on the relaxation rate of host nuclei, it would be necessary to 
derive a more comprehensive theory of the cross-relaxation, and also to perform 
measurements of nuclear spin dynamics in the highly diluted samples. However, the current 
model has allowed us to determine quite adequately the relative importance of the various 
relaxation mechanisms on nuclear relaxation rate. 
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Fig. 1. Electron-nuclear sublevels of the Ho3+ ground doublet vs. the external magnetic field 
strength B (θ = 27.50; φ = 450). The wave functions |±, m> are specified by the nuclear spin 
projection m.  
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Fig. 2. Nuclear relaxation rates measured at a temperature 1.7 K vs. the external magnetic 
field, with the field declined from the c-axis by 27.50 (symbols). The curves (1) and (2) 
represent results of simulations with and without accounting for the random crystal field, 
respectively. The curve (3), shifted down for clarity, is obtained without accounting for the 
second term in right-hand side of Eq. (7) that describes the inelastic relaxation rates.        
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Fig. 3. Measured field dependences of the in-phase (upper curve in panel (a)) and out-of-
phase (lower curve in panel (a)) ac-susceptibilities in the LiYF4:Ho3+ (0.1 %) sample for 
collinear dc and ac fields parallel to the c-axis at the frequency 350 Hz and temperature 2 K 
and the fluorine nuclear relaxation rates (with the background term subtracted, panels (b,c,d)) 
at T = 1.7 K for different angles θ  between the magnetic field and the c-axis (symbols); solid 
curves represent results of simulations (see text). 
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Fig. 4. Time decays of the fluorine nuclear magnetization taken in the magnetic fields B = 
0.751 T (a), 0.332 T (b) and 0.1335 T (c), declined from the c-axis by 27.50 at different 
temperatures (symbols), ν is the corresponding NMR frequency. The solid curves represent 
results of fitting by the function exp(-t/T1-(t/Ts)1/2), as described in the text. 
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Fig. 5. Measured (symbols) and simulated (curves) temperature dependences of 19F nuclear 
relaxation rates in magnetic fields B = 0.1335 T (1), 0.332 T (2) and 0.751 T (3) declined by 
27.50 from the c-axis. The solid curves in the insert represent the computed values of CAv vs. 
temperature (right y-axis).  
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